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A class of problems of composite laminates and functionally graded materials (FGM) under extension, twisting, and
bending is formulated in the state space setting. A solution approach for exact analysis of the deformation and stress ﬁelds
in the media is developed. Exact solutions for torsion of cross-ply laminates and certain FGM are derived, which satisfy
exactly the equations of anisotropic elasticity, the end conditions, the traction-free boundary conditions on the bounding
planes of the rectangular section, and the interfacial continuity conditions in multilayered composite laminates, regardless
of the number of layers. The solutions serve as useful benchmarks for numerical modeling and material characterization of
composite laminates and FGM.
 2006 Elsevier Ltd. All rights reserved.
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Analysis of deformation and stress ﬁelds in composite laminates is of fundamental importance in experi-
mental determination of the lamina properties and exact solutions are useful in developing a numerical model.
While the subject of stress analysis of composite laminates has been under continual study, to the authors’
knowledge, hardly any exact solution for problems of anisotropic multilayered laminates subjected to exten-
sion, twisting, and bending has been found. Exact analysis of stress ﬁelds in composite laminates is diﬃcult in
that the interfacial continuity conditions and the free-edge boundary conditions are not easy to satisfy exactly.
It is well known that the classical lamination theory (CLT) and its variants (Jones, 1975; Christensen, 1979)
based on assumed displacements through the thickness are unsuitable for interlaminar stress analysis as they
fail to satisfy the requirements of interfacial traction continuity and traction-free boundary conditions at the
free edges. In a rigorous analysis of composite laminates, it was often found necessary to relax either the exact
edge boundary conditions or the interfacial continuity conditions or both. For instances, in Rogers et al.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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average sense, rather than point by point, hence these solutions are not exact so to speak. Since the publication
of Pagano’s solutions on bending of simply-supported cross-ply laminated plates (Pagano, 1969, 1970), it
appears that exact solutions for composite laminates have been obtained largely for similar problems follow-
ing the same line by including various inelastic eﬀects.
Composite laminates are anisotropic in nature. Exact analysis of their elastic responses should be based on
the theory of anisotropic elasticity. It has been recognized that Lekhnitskii’s compliance-based formalism
(Lekhnitskii, 1981) and Stroh’s stiﬀness-based formalism (Ting, 1996, 2000) are dominant in anisotropic elas-
ticity. In both formalisms the stress functions play an important role and the solution approaches rely on ana-
lytic functions of complex variables. Moreover, Stroh’s formalism precludes consideration of the antiplane
deformation associated with extension, torsion, and bending of an elastic body. Since the class of problems
under study involve free edges and multilayer interfaces in anisotropic media, exact analysis of composite lam-
inates following a conventional formulation and solution approach by dealing with individual displacement
and stress components is intractable, if not impossible.
Recently, we have developed a state space formalism for anisotropic elasticity and piezothermoelasticity
(Tarn, 2002a,b,c). A novel feature of the formalism is that, without recourse to the stress functions or elim-
ination of unknown variables, the 3D equations of anisotropic elasticity are expressed in full by a state equa-
tion and an output equation in terms of the state vector that consists of the primary unknown ﬁeld variables.
In this paper we formulate a class of problems of composite laminates under extension, twisting, and bending
on the basis of a reﬁned version of the state space formalism. The reﬁnement is stemmed from an attempt to
express the basic equations of anisotropic elasticity in terms of the stress vectors and the displacement vector,
in view of the fact that the traction and displacement boundary conditions for problems in Cartesian coordi-
nate system are directly associated with them. Carrying out the idea gives rise to a remarkably neat yet explicit
representation of the basic equations of anisotropic elasticity. More importantly, it results in a state equation
and an output equation more direct and concise than the ones given previously. The formalism is well suited
for interlaminar stress analysis of composite laminates since the 3D equations of anisotropic elasticity are put
into a proper framework in which the state equation, the output equation, the boundary conditions, and the
interfacial continuity conditions are expressed directly in terms of the state vector which is the only unknown
to be sought. The formulation in the state space setting makes it possible for us to develop a systematic
approach for exact analysis of deformations and stress ﬁelds in composite laminates under extension, torsion,
and bending. Analysis of FGM in which the material constants are functions of the coordinates can be treated
within the context as well.
The state space formalism is simple in concept and systematic in operation. In a series of papers (Tarn,
2001a,b, 2002b,c,d; Tarn and Wang, 2001) we have presented a number of exact solutions for problems of
anisotropic laminated and FGM cylinders in the cylindrical coordinate system. In this paper we derive some
exact solutions for torsion of cross-ply laminates and FGM based on the reﬁned state space formalism with-
out a priori assumptions. An approximate solution for torsion of laminates was given by Tsai et al. (1990),
which was obtained on the basis of CLT by including the resultant transverse shear forces. A solution
obtained by using the stress function for torsion of a homogeneous, orthotropic bar of rectangular section
can be found in Lekhnitskii’s monograph (Lekhnitskii, 1981). The solutions obtained herein are exact in that
the displacement and stress ﬁelds satisfy exactly the basic equations of anisotropic elasticity, the free-edge
boundary conditions, the traction-free boundary conditions on the top and bottom planes, the end conditions
that require the stress resultants over the end section reduce to a torque, and the interfacial continuity condi-
tions in multilayered composite laminates, regardless of the number of layers. They serve as useful bench-
marks for numerical modeling and material characterization by torsion test of composite laminates and FGM.
2. State space formulation
2.1. Basic equations in matrix forms
The formulation begins with a reﬁnement of the state space formalism for anisotropic elasticity (Tarn,
2002a) in which the basic equations are formulated into the state space setting by grouping the stress
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ﬁeld variables since the traction and displacement boundary conditions for problems in Cartesian coordinate
system are directly associated with them. Upon expressing the 3D equations of anisotropic elasticity in terms
of the displacement vector and the stress vectors, we arrive at the following expressions for the generalized
Hooke’s law, the strain and displacement relations, and the equilibrium equations.
Generalized Hooke’s law:r1
r2
r3
264
375 ¼ C11 C12 C13C21 C22 C23
C31 C32 C33
264
375 e1e2
e3
264
375; ð1Þwhere ri denotes the stress vector in the xi direction, ei consists of the corresponding strain components, Cij are
matrices of the elastic constants given below,ri ¼ r1i r2i r3i½ T; ei ¼ e1i e2i e3i½ T;
C21 ¼ CT12; C31 ¼ CT13; C32 ¼ CT23;
C11 ¼
c11 c16 c15
c16 c66 c56
c15 c56 c55
264
375; C12 ¼ c16 c12 c14c66 c26 c46
c56 c25 c45
264
375; C13 ¼ c15 c14 c13c56 c46 c36
c55 c45 c35
264
375;
C22 ¼
c66 c26 c46
c26 c22 c24
c46 c24 c44
264
375; C23 ¼ c56 c46 c36c25 c24 c23
c45 c44 c34
264
375; C33 ¼ c55 c45 c35c45 c44 c34
c35 c34 c33
264
375:Strain–displacement relations:e1
e2
e3
264
375 ¼ 1
2
Io1
Io2
Io3
264
375uþ 1
2
$u1
$u2
$u3
264
375; ð2Þwhere u is the displacement vector, I is the identity matrix, oi denotes the partial derivative with respect to the
coordinate xi, andu ¼ u1 u2 u3½ T; $ ¼ o1 o2 o3½ T:
Equilibrium equations:o1r1 þ o2r2 þ o3r3 þ F ¼ 0; ð3Þ
where F is the body force vector. Eqs. (1) and (2) can be combined intor1
r2
r3
264
375 ¼ C11 C12 C13C21 C22 C23
C31 C32 C33
264
375 Io1Io2
Io3
264
375u: ð4ÞWith the basic equations of anisotropic elasticity so expressed, the individual elastic constants and the dis-
placement and stress components are no longer in view; they are replaced by u, ri, and Cij, which play the
principal roles hereafter.
The problem under study is a composite laminate of rectangular section subjected to an axial force, a
torque, and bi-axial bending moments at the end sections. As shown in Fig. 1, the origin of the Cartesian coor-
dinates is located at the center of the bottom plane. The free-edge boundaries and the end sections are deﬁned
by x1 = ± a/2 and x3 = 0, l, respectively. The x2-axis is pointing in the thickness direction such that the top
and bottom planes and the interfaces between adjacent layers are deﬁned by x2 = constant.
In formulating Eqs. (3) and (4) into a state equation and an output equation it is important to choose judi-
ciously from the unknown state variables to form the state vector. Since satisfaction of the free-edge boundary
Fig. 1. Rectangular laminate subjected to axial force, torque and bending moments.
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r1 to form the state vector in order to derive the solution that satisﬁes the free-edge boundary conditions
exactly.
By using Eq. (4), the stress vectors r2 and r3 can be expressed in terms of u and r1 asr2
r3
 
¼ Q22o2 þQ23o3 C21C
1
11
Q32o2 þQ33o3 C31C111
" #
u
r1
 
; ð5ÞwhereQij ¼ Cij  Ci1C111 C1j:
Substituting Eq. (5) into Eq. (3) results ino
ox1
u
r1
 
¼ D11 C
1
11
D21 D
T
11
" #
u
r1
 
 0
F
 
; ð6ÞwhereD11 ¼ C111 C12 C13½ 
Io2
Io3
 
; D21 ¼  Io2 Io3½ 
Q22 Q23
Q32 Q33
 
Io2
Io3
 
:Eqs. (5) and (6) are the output equation and the state equation for the problem. They embrace in full the 3D
equations of anisotropic elasticity in Cartesian coordinates and apply to nonhomogeneous media as well.
The lateral bounding planes of the laminate are traction-free so that the lateral boundary conditions arer1 ¼ r11 r12 r13½ T ¼ 0 on x1 ¼ a=2; ð7Þ
r2 ¼ r12 r22 r23½ T ¼ 0 on x2 ¼ 0; h: ð8ÞThe conditions of interfacial continuity requireu r2½ kþ1 ¼ u r2½ k on x2 ¼ yk; ð9Þ
for k = 1,2, . . . ,m  1, where m is the total number of layers, yk denotes the thickness coordinate at the inter-
face between the kth layer and the (k + 1)th layer.
The end conditions require that the stress resultants over the end surfaces reduce to an axial force P3, shear
forces P1 and P2, bi-axial bending moments M1 and M2, and a torque Mt at x3 = 0, l such thatXm
k¼1
Z x2k
x2ðk1Þ
Z a=2
a=2
r3 dx1 dx2 ¼ P; ð10Þ
Xm
k¼1
Z x2k
x2ðk1Þ
Z a=2
a=2
ðx r3Þdx1 dx2 ¼M; ð11Þwhere the notation ‘·’ denotes the vector product, andx ¼ x1 x2 x3½ T; P ¼ P 1 P 2 P 3½ T; M ¼ M1 M2 Mt½ T:
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inate cross-section are identically zero. Thus, the laminate is in a state of generalized plane strain only if the
shear forces P1 and P2 are absent. Under this circumstance, the end conditions at x3 = 0, l are given byXm
k¼1
Z x2k
x2ðk1Þ
Z a=2
a=2
r33 dx1 dx2 ¼ P 3; ð12Þ
Xm
k¼1
Z x2k
x2ðk1Þ
Z a=2
a=2
r33x2 dx1 dx2 ¼ M1; ð13Þ
Xm
k¼1
Z x2k
x2ðk1Þ
Z a=2
a=2
r33x1 dx1 dx2 ¼ M2; ð14Þ
Xm
k¼1
Z x2k
x2ðk1Þ
Z a=2
a=2
ðx1r23  x2r13Þk dx1 dx2 ¼ Mt: ð15ÞAt this stage the problem is reduced to determining the unknown state vector that satisﬁes Eq. (6) subjected
to Eqs. (7)–(9) and (12)–(15). Once the state vector is solved from the state equation, the remaining unknown
stress vectors, hence all the stress components, follow from the output equation.
2.2. Laminates under extension, torsion, and bending
When the composite laminate is subjected to self-equilibrating surface loadings that do not vary along its
length, in the absence of the body force, the stress and strain components are independent of x3, but the dis-
placement components may be functions of x3. It can be shown (Lekhnitskii, 1981; Tarn, 2002a) that the gen-
eral expression of the displacement ﬁeld isu1
u2
u3
264
375 ¼ uðx1; x2Þvðx1; x2Þ
wðx1; x2Þ
264
375þ e 00
x3
264
375þ # x2x3x1x3
0
264
375þ b1 x
2
3=2
0
x1x3
264
375þ b2 0x23=2
x2x3
264
375; ð16Þwhere u, v, and w are unknown functions of x1 and x2, the parameter e is a uniform extension, # is associated
with the curvature due to twisting, b1 and b2 are associated with the curvatures due to bending. The rigid body
displacement has been excluded. For a laminated system the parameters e, #, b1 and b2 must be the same for all
layers in order to satisfy the interfacial continuity conditions.
Upon substituting Eq. (16) in Eqs. (5) and (6), the state equation and the output equation in the absence of
the body force becomeo
ox1
eu
r1
 
¼ C
1
11 C12o2 C
1
11
o2Q22o2 o2C21C111
" # eu
r1
 
þ f1
f2
 
; ð17Þ
r2
r3
 
¼ Q22o2 C21C
1
11
Q32o2 C31C
1
11
" # eu
r1
 
þ g1
g2
 
; ð18Þwhere the material properties are assumed to be nonhomogeneous through the thickness such that cij = cij(x2),
andeu ¼ u v w½ T; g1
g2
 
¼ eþ b1x1 þ b2x2ð Þ
Q23k3
Q33k3
 
þ #x1
Q23k2
Q33k2
 
;
f1 ¼ C111 C13 eþ b1x1 þ b2x2ð Þk3 þ # x1k2  x2k1ð Þ½ ;
f2 ¼ b2Q23k3  ðo2Q23Þ eþ b1x1 þ b2x2ð Þk3 þ #x1k2½ ;
k1 ¼ 1 0 0½ ; k2 ¼ 0 1 0½ ; k3 ¼ 0 0 1½ :Now, the problem has been formulated in the state space setting in which all the equations and the condi-
tions to be satisﬁed are expressed in terms of the state vector. It is clear that the task is to determine the state
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(9). The end conditions Eqs. (12)–(15) are used a posterior to determine the parameters e, #, b1 and b2 due to
the applied end loads. Alternatively, one can prescribe e, #, b1 and b2 beforehand to determine the correspond-
ing P3,M1,M2, andMt. Obviously, even when the composite laminate with general anisotropy is subjected to
a simple loading, such as an axial force or a pure torque at the ends, it undergoes coupling deformations of
extension, twisting, and bending.
It can be shown that the general solution of Eq. (17) consists of the homogeneous solution in terms of ana-
lytic functions of complex variables and a particular solution corresponding to the nonhomogeneous terms
associated with e, #, b1 and b2. Since the problem of concern involves multilayers in a rectangular domain,
it is diﬃcult to determine the exact solution that satisfy Eqs. (7)–(9) by seeking for suitable analytic functions.
We shall not pursue along this line. Rather, we shall use the method of separation of variables to determine the
solution in terms of real functions.
As Eq. (17) is nonhomogeneous and inseparable, it is not amenable to a straightforward solution by
separation of variables. Thus a solution scheme for the problem of a nonhomogeneous system of partial
diﬀerential equations subjected to homogeneous boundary conditions is in order. The scheme consists of ﬁrst
using separation of variables to derive the eigensolutions in terms of x1 from the separable homogeneous state
equation for a typical layer under the free-edge boundary conditions on x1 = ± a/2, and then using eigenfunc-
tion expansion and method of variations of parameters (Hildebrand, 1976) to deduce a system of ordinary
diﬀerential equations in x2 from the nonhomogeneous state equation, which can be solved by using a standard
method of matrix algebra. This provides us with the general solution for the state vector in terms of its value at
the bottom plane of a typical layer. With the general solution that satisﬁes the state equation and the free-edge
boundary conditions being determined for a typical layer, the interfacial continuity conditions can be satisﬁed
by using the transfer matrix recursively to transmit the state vector from the bottom plane to the top plane of
the laminate. The transfer relation of the state vectors describes the stress ﬁelds in each layer of the laminate,
in which the two unknown displacement vectors in the state vectors on the top and bottom planes are deter-
mined by imposing on it the traction-free boundary conditions on x2 = 0,h.
In the following the solution approach is illustrated by deriving the exact solution for torsion of multilay-
ered cross-ply laminates.
3. Torsion of cross-ply laminates and orthotropic FGM
For orthotropic elastic materials Eqs. (17) and (18) gives rise to two uncoupled sets of equations. The set of
equations for the inplane displacement and stress components iso
ox1
u
v
r11
r12
26664
37775 ¼
0 bc12o2 c111 0
o2 0 0 c166
0 0 0 o2
0 o2ec22o2 o2bc12 0
26664
37775
u
v
r11
r12
26664
37775 ðeþ b1x1 þ b2x2Þ
bc13
0
0
o2ec23
26664
37775 b2
0
0
0ec23
26664
37775; ð19Þ
r22
r33
 
¼ ec22o2 bc12ec23o2 bc13
 
v
r11
 
þ ðeþ b1x1 þ b2x2Þ
ec23ec33
 
; ð20Þwherebcij ¼ cijc111 ; ecij ¼ cij  ci1c111 cj1:
The set of equations for the antiplane displacement and stress components iso
ox1
w
r13
 
¼ 0 c
1
55
o2c44o2 0
 
w
r13
 
þ # x2x1o2c44
 
; ð21Þ
r23 ¼ c44 owox2 þ #x1
 
: ð22Þ
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laminates greatly simpliﬁes the mathematics for the problems. In the case of general composite laminates it is
necessary to solve the state equation with the 6 · 6 system matrix, which is of course more diﬃcult to deal
with. Applications of the approach to multilayered cross-ply laminates serve the purpose of illustrating the
solution procedure.
3.1. Exact solution for homogeneous bars
Consider ﬁrst a homogeneous, orthotropic bar of rectangular section subjected to pure torqueMt at the end
sections. The solution is useful in determining the exact solution for torsion of multilayered cross-ply lami-
nates to be derived later on.
It is easy to verify that Eqs. (19) and (12)–(14) are identically satisﬁed by lettingu ¼ v ¼ r11 ¼ r22 ¼ r12 ¼ r33 ¼ e ¼ b1 ¼ b2 ¼ 0; ð23Þ
so torsion does not give rise to extension and bending of an orthotropic bar.
It remains for us to solve Eq. (21) subjected to the boundary conditionsr13 ¼ 0 on x1 ¼ a=2; ð24Þ
r23 ¼ 0 on x2 ¼ 0; h: ð25ÞThe end condition Eq. (15) in which m = 1 for a homogeneous medium is useful in determining the twisting
parameter # due to the applied torque.
We seek the homogeneous solution of Eq. (21) in the formw r13½  ¼ ekx2 W x1ð Þ S x1ð Þ½ ; ð26Þ
where k is a constant parameter to be determined.
Substituting Eq. (26) into Eq. (21) leads tod
dx1
W
S
 
¼ 0 c
1
55
c44k2 0
 
W
S
 
; ð27Þwhich can be easily solved to getW
S
 
¼ cosðkjx1Þ sinðkjx1Þkjc55 sinðkjx1Þ kjc55 cosðkjx1Þ
 
d1
d2
 
; ð28Þwhere j ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc44=c55p ; d1 and d2 are constants of linear combination.
The free-edge boundary conditions on x1 = ± a/2 demand S(a/2) = S(a/2) = 0. Nontrivial solutions of
Eq. (28) exist if and only ifkjc55 sinðkja=2Þ kjc55 cosðkja=2Þ
kjc55 sinðkja=2Þ kjc55 cosðkja=2Þ
  ¼ 0; ð29Þ
yieldingsinðkjaÞ ¼ 0; ð30Þ
so thatkn ¼ npaj ; n ¼ 0;1;2; . . . ð31ÞThere follows:W n
Sn
 
¼ cn
cos
npðx1 þ a=2Þ
a
 npc55
a
sin
npðx1 þ a=2Þ
a
2664
3775; n ¼ 0;1;2; . . . ð32Þ
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Substituting Eq. (32) in Eq. (26) leads to the homogeneous solutionw
r13
 
h
¼
X1
n¼1
ðcneknx2 þ cneknx2Þ
cos
npðx1 þ a=2Þ
a
 npc55
a
sin
npðx1 þ a=2Þ
a
2664
3775; ð33Þwhere cn and cn are constants of linear combination.
The particular solution of Eq. (21) isw
r13
 
p
¼ #x1x2
0
 
: ð34ÞThus the general solution of Eq. (21) isw
r13
 
¼
X1
n¼1
ðcneknx2 þ cneknx2Þ
cos
npðx1 þ a=2Þ
a
 npc55
a
sin
npðx1 þ a=2Þ
a
2664
3775þ #x1x20
 
; ð35Þwhich satisﬁes exactly the free-edge boundary conditions at x1 = ± a/2.
Substituting Eq. (35)1 into Eq. (22) yieldsr23 ¼ paj
X1
n¼1
nc44ðcneknx2  cneknx2Þ cos npðx1 þ a=2Þa þ 2#c44x1: ð36ÞImposing on it the traction-free boundary conditions: r23 = 0 at x2 = 0,h yields two equations for cn and
cn which are determined by comparing the coeﬃcients upon expressing x1 in terms of the Fourier cosine
series:x1 ¼
X1
n¼1
An cos
npðx1 þ a=2Þ
a
; ð37ÞwhereAn ¼ 2a
Z a=2
a=2
x1 cos
np x1 þ a=2ð Þ
a
dx1 ¼
0 n ¼ 2; 4; 6; . . .
4a
n2p2 n ¼ 1; 3; 5; . . .
(
As a result, the antiplane displacement and longitudinal shear stresses are given byw ¼  4#a
p2
X1
n¼1;3;5
1
n2
x2  2ajnp
sinh npðx2h=2Þaj
cosh nph
2aj
 !
cos
np x1 þ a=2ð Þ
a
; ð38Þ
r13 ¼  8#ajc55p2
X1
n¼1;3;5
1
n2
sinh npðx2h=2Þaj
cosh nph
2aj
 !
sin
np x1 þ a=2ð Þ
a
; ð39Þ
r23 ¼  8#ac44p2
X1
n¼1;3;5
1
n2
1 cosh
npðx2h=2Þ
aj
cosh nph
2aj
 !
cos
np x1 þ a=2ð Þ
a
; ð40Þwhere j ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc44=c55p as deﬁned before.
The twisting angle # determined from Eq. (15) is# ¼ Mt
D
; ð41Þ
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3
 64aj
p5h
X1
n¼1;3;5;...
1
n5
tanh
nph
2aj
 !
:Eqs. (38)–(41) converge rapidly because the denominators of the series contain the factors of n2 and n5. It
can be veriﬁed by back substitution that Eqs. (38)–(40) indeed satisfy exactly the basic equations of elasticity
for orthotropic materials, the free-edge boundary conditions, and the traction-free boundary conditions on the
top and bottom planes of the rectangular section. The present solution agrees with Lekhnitskii’s solution
(Lekhnitskii, 1981, p. 283) which was obtained by using the stress function approach. We remark in passing
that it is diﬃcult to extend Lekhnitskii’s solution to multilayered composite laminates.
3.2. Exact solution for FGM bars
When the material nonhomogeneity of the FGM assumes a particular variation through the thickness, the
associated state equation may be solved analytically to determine the exact solution for the problem. To be
speciﬁc, we consider the material properties varying in the x2-direction according tocijðx2Þ ¼ aije2bx2=h; ð42Þ
where the coeﬃcient aij have the same dimension as the elastic constants cij, b is a dimensionless number,
which can be positive or negative. The special case of a homogeneous material is included by setting b = 0.
Substituting Eq. (42) in Eq. (21) and (22) giveso
ox1
w
r13
 
¼
0 a155 e
2bx2=h
a44e2bx2=h 2bh o2 þ o22
 
0
264
375 w
r13
 
þ #
x2
 2ba44
h
x1e2bx2=h
24 35; ð43Þ
r23 ¼ a44e2bx2=h owox2 þ #x1
 
: ð44ÞWe seek the homogeneous solution of Eq. (43) in the formw
r13
 
h
¼ ekx2 e
bx2=hW ðx1Þ
ebx2=hS1ðx1Þ
" #
; ð45Þwhere k is a constant parameter to be determined.
Substituting Eq. (45) into Eq. (43) yieldsd
dx1
W
S1
 
¼
0 a155
a44 k2  b=hð Þ2
h i
0
24 35 W
S1
 
: ð46ÞSimilar to the solution of Eq. (27), determining the nontrivial solution of Eq. (46) under the free-edge
boundary conditions on x1 = ± a/2 yields the homogeneous solutionw
r13
 
h
¼
X1
n¼1
cnennx2 þ cnegnx2
 	 cos np x1 þ a=2ð Þa
 npa55
a
e2bx2=h sin
np x1 þ a=2ð Þ
a
2664
3775; ð47Þand the eigenvaluesknh ¼  nphaj
 2
þ b2
" #1=2
; n ¼ 1; 2; 3; . . . ð48Þ
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nph
aj
 2
þ b2
" #1=2
:The particular solution of Eq. (43) isw
r13
 
p
¼ #
x1x2  1
6h
bj2x1ð4x21  3a2Þ
 1
2h
ba44ð4x21  a2Þe2bx2=h
2664
3775: ð49ÞThus the general solution of Eq. (43) isw
r13
 
¼
X1
n¼1
ðcnennx2 þ cnegnx2Þ
cos
npðx1 þ a=2Þ
a
 npa55
a
e2bx2=h sin
npðx1 þ a=2Þ
a
2664
3775þ # x1x2 
1
6h
bj2x1ð4x21  3a2Þ
 1
2h
ba44ð4x21  a2Þe2bx2=h
2664
3775;
ð50Þwhich satisﬁes exactly the free-edge boundary conditions on x1 = ± a/2.
Substituting Eq. (50)1 into Eq. (44) yieldsr23 ¼ 2#a44x1e2bx2=h þ a44
X1
n¼1
cnnne
gnx2  cngnennx2
 	
cos
npðx1 þ a=2Þ
a
: ð51ÞUpon determining the constants cn and cn by using the traction-free boundary conditions on x2 = 0,h, the
antiplane displacement and longitudinal shear stresses are obtained as follows:w ¼ # x1x2  1
6h
bj2x1ð4x21  3a2Þ þ
8j2a3
p4
X1
n¼1;3;5
F nðx2Þ
n4
cos
npðx1 þ a=2Þ
a
" #
; ð52Þ
r13 ¼ #e2bx2=h 1
2h
ba44ð4x21  a2Þ þ
8a44a2
p3
X1
n¼1;3;5
F nðx2Þ
n3
sin
npðx1 þ a=2Þ
a
" #
; ð53Þ
r23 ¼ #e2bx2=h 2a44x1 þ 8a44ap2
X1
n¼1;3;5
Gnðx2Þ
n2
cos
npðx1 þ a=2Þ
a
" #
; ð54ÞwhereF nðx2Þ ¼ gnennðx2h=2Þ
sinhðgnh=2Þ
sinh ,n
 nnegnðx2h=2Þ
sinhðnnh=2Þ
sinh ,n
;
Gnðx2Þ ¼ ennðx2h=2Þ sinhðgnh=2Þ
sinh ,n
þ egnðx2h=2Þ sinhðnnh=2Þ
sinh ,n
:The torsional rigidity D determined from Eq. (15) is given byD ¼ a44a3h expðbÞ sinh b
3b
þ 16
p4
X1
n¼1;3;5
1
n4 sinh ,n
expð,nÞ sinh b 2j
2a2bn
n2p2h2
 ( )
; ð55Þwherebn ¼ h nn coshðgnhÞ þ gn coshðnnhÞ½   2,n:
Eqs. (52)–(55) reduce to Eqs. (38)–(41) for homogeneous media by setting b = 0, in which the series con-
verge rapidly since the denominators contain the factors of higher powers of n.
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For a multilayered laminate the solution must satisfy the interfacial continuity conditions in addition to the
traction-free boundary conditions. It is easy to see that the inplane displacement and stress components
remain to be zero,u ¼ v ¼ r11 ¼ r22 ¼ r12 ¼ r33 ¼ 0: ð56Þ
The interfacial continuity conditions will be satisﬁed in a systematic way by using the transfer matrix. To
this end, we express the solution that satisﬁes the state equation and the free-edge boundary conditions for the
kth layer in the formw
r23
 
k
¼ #
X1
n¼1
ewnðx2Þ
s2nðx2Þ
 
k
cos
np x1 þ a=2ð Þ
a
; ð57Þ
r13ð Þk ¼ #
X1
n¼1
s1nðx2Þ½ k sin
np x1 þ a=2ð Þ
a
; ð58Þwhereewnðx2Þ
s2nðx2Þ
 
k
¼ 2
#a
Z a=2
a=2
w
r23
 
k
cos
npðx1 þ a=2Þ
a
dx1;
s1nðx2Þ½ k ¼
2
#a
Z a=2
a=2
ðr13Þk sin
npðx1 þ a=2Þ
a
dx1:The transfer matrix as a function of x2 can be determined from Eqs. (35) and (36) by expressing the coef-
ﬁcients cn and cn in terms of the values of the associated state variables at yk1, where yk1 denotes the x2
coordinate of the bottom plane of the kth layer. As a result,ewnðx2Þ
s2nðx2Þ
 
k
¼ T 11 T 12
T 21 T 22
 
k
ewnðyk1Þ
s2nðyk1Þ
 
k
 An
yk1
2 c44ð Þk
  
þ An
x2
2 c44ð Þk
 
; ð59Þ
s1nðx2Þ½ k ¼ 
np
a
c55ð Þk T 11 T 12½ k
ewnðyk1Þ
s2nðyk1Þ
 
k
 An
yk1
2 c44ð Þk
  
; ð60Þfor k = 1,2, . . . ,m  1, where An has been deﬁned in Eq. (37), andT 11ðx2; yk1Þ ¼ T 22ðx2; yk1Þ ¼ cosh
npðx2  yk1Þ
ajk
;
T 12ðx2; yk1Þ ¼
ajk
npðc44Þk
sinh
npðx2  yk1Þ
ajk
;
T 21ðx2; yk1Þ ¼
npðc44Þk
ajk
sinh
npðx2  yk1Þ
ajk
; jk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44
c55
 
k
s
:To facilitate the derivation, let us express Eq. (57) upon substitution of Eq. (59) in short asXkðx1; x2Þ ¼ #
X1
n¼1
Tkðx2; yk1ÞYkðyk1Þ þ qkðx2; yk1Þ½  cos
np x1 þ a=2ð Þ
a
; ð61Þwhere yk1 6 x2 6 yk, andXkðx1; x2Þ ¼
w
r23
 
k
; Ykðyk1Þ ¼
ewnðyk1Þ
s2nðyk1Þ
 
k
;
Tkðx2; yk1Þ ¼
T 11ðx2; yk1Þ T 12ðx2; yk1Þ
T 21ðx2; yk1Þ T 22ðx2; yk1Þ
 
k
;
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x2
2ðc44Þk
 
 T 11 T 12
T 21 T 22
 
k
yk1
2ðc44Þk
  
:The interfacial continuity conditions demandw r23½ kþ1 ¼ w r23½ k on x2 ¼ yk ð62Þ
which is satisﬁed by lettingXkþ1ðx1; ykÞ ¼ Xkðx1; ykÞ: ð63Þ
It follows thatXkþ1ðx1; ykÞ ¼ #
X1
n¼1
Tkðyk; yk1ÞYkðyk1Þ þ qkðyk; yk1Þ½  cos
npðx1 þ a=2Þ
a
: ð64ÞEq. (64) transfers the state vector from the kth layer to the (k + 1)th layer. Transferring the state vector
recursively from the bottom plane upward yieldsXkðx1; x2Þ ¼ #
X1
n¼1
Pkðx2ÞY1ð0Þ þ /kðx2Þ½  cos
npðx1 þ a=2Þ
a
; ð65ÞwherePkðx2Þ ¼
P 11ðx2Þ P 12ðx2Þ
P 21ðx2Þ P 22ðx2Þ
 
k
¼ T1ðx2; 0Þ; k ¼ 1
Tkðx2; yk1ÞPk1ðyk1Þ; k ¼ 2; 3; . . . ;m;


ð66Þ
/kðx2Þ ¼
/wðx2Þ
/sðx2Þ
 
k
¼ q1ðx2; 0Þ; k ¼ 1
Tkðx2; yk1Þ/k1ðyk1Þ þ qkðx2; yk1Þ k ¼ 2; 3; . . . ;m:


ð67ÞEq. (65) in terms of the displacement and shear stress in each layer readsw
r23
 
k
¼ #
X1
n¼1
P 11ðx2Þ P 12ðx2Þ
P 21ðx2Þ P 22ðx2Þ
 
k
ewnð0Þ
s2nð0Þ
 
1
þ /wðx2Þ
/sðx2Þ
 
k
 
cos
npðx1 þ a=2Þ
a
; ð68ÞImposing on it the traction-free boundary conditions on the bottom and top planes yields½ewnð0Þ1 ¼  /sðhÞP 21ðhÞ
 
m
; ½s2nð0Þ1 ¼ 0: ð69ÞThus the displacement w and the longitudinal shear stress r23 in each layer are given byw
r23
 
k
¼ #
X1
n¼1
 P 11ðx2Þ
P 21ðx2Þ
 
k
/sðhÞ
P 21ðhÞ
 
m
þ /wðx2Þ
/sðx2Þ
 
k
 
cos
npðx1 þ a=2Þ
a
: ð70ÞThe shear stress component r13 in each layer is determined from Eqs. (58) and (60) asðr13Þk ¼ 
#p
a
X1
n¼1
nðc55Þk T 11 T 12½ k
ewnðyk1Þ
s2nðyk1Þ
 
k
 An
yk1
2 c44ð Þk
  
sin
np x1 þ a=2ð Þ
a
: ð71ÞWith r13 and r23 in each layer being determined, the twisting angle per unit length # due to the applied
torque Mt can be determined from Eq. (15) in a straightfoward manner.
4. Closing remarks
We have formulated the problems of anisotropic composite laminates and FGM under extension, torsion,
and bending in the state space setting. In the reﬁned state space formalism, the state equation and the output
equation of anisotropic elasticity are expressed in conspicuously neat yet explicit representations so that it is
possible to use the mathematical methods such as separation of variables, eigenfunction expansion, transfer
matrix, and matrix algebra, to determine the analytic solution for a problem. For illustration, the solution
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FGM with material nonhomogeneity varying exponentially through the thickness. The state space approach
makes it easier for an exact analysis of the deformations and stress ﬁelds in general composite laminates in
which inplane and antiplane deformations are coupled. The mathematics in the solution process is of course
more involved.
For a general variation of the nonhomogeneity the state equation is non-uniform with a variable system
matrix, which is not solvable in a closed form. To resolve the problem, the variations of the material properties
through the thickness can be approximated by piecewise-constant functions so that the state equation becomes
uniform with constant system matrix in the sub-intervals and thus is solvable by using the method of matrix
algebra. The scheme amounts to approximating the nonhomogeneous plate by a laminate composed of homo-
geneous layers. The continuity conditions at the jumps of the ﬁctitious layers are satisﬁed by using the transfer
matrix. The accuracy of the piecewise-constant approximation naturally depends on the number of layers
taken, but this should not be a problem as the use of transfer matrix involves only straightforward operations.
Acknowledgement
The work is supported by the National Science Council, Taiwan, ROC through Grant NSC 94-2211-E006-
016.
Appendix
The resultant shear forces over a cross-section of the multilayered laminate are given byV 1 ¼
Xm
k¼1
Z
Ak
ðr13Þk dA; V 2 ¼
Xm
k¼1
Z
Ak
ðr23Þk dA: ðA:1ÞWhen the stress is independent of x3,V 1 ¼
Xm
k¼1
Z
Ak
ðr13Þk dA ¼
Xm
k¼1
Z
Ak
½ðx1r13Þ;1  x1r13;1k dA ¼
Xm
k¼1
Z
Ak
½ðx1r13Þ;1 þ ðx1r23Þ;2k dA
¼
Xm
k¼1
I
Ck
x1ðr13n1 þ r23n2Þk ds; ðA:2Þin which we have used the Stokes theorem and the equilibrium equationr13;1 þ r23;2 ¼ 0: ðA:3Þ
In Eq. (A.2) the integrals of x1(r13n1 + r 23n2)k and x1(r13n1 + r 23n2)k+1 cancel out along the interfaces Ck,
and r13n1 + r23n2 = 0 on the lateral surfaces, it follows that V1 = 0. Similarly, it can be shown that V2 = 0
when the stress is independent of x3.
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